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Flutter of Multibay Panels at High Supersonic Speeds
EARL Do WELL*

Massachusetts Institute of Technology, Cambridge, Mass.

The flutter of two-dimensional panels of finite and infinite length on multiple simple sup-
ports running in the spanwise direction and equally spaced in the streamwise direction has
been investigated theoretically under the assumptions of classical small deflection plate
theory and quasi-steady, supersonic aerodynamic theory. An "exact" solution is effected by
the method employed by Hedgepeth, Houbolt, and Movchan for the one-bay (two supports)
configuration. Specific numerical results are obtained for the one-, two-, three-, four-, five-,
and six-bay cases as well as the infinite-bay case with motion of arbitrary spatial periodicity.
Comparisons of the present results are made with those of previous investigators. It is found
that the previous work is somewhat inaccurate and incomplete. It is concluded that 1)
bay number is not a sensitive parameter in the determination of the flutter boundary unless
a rather large number of bays is in question, i.e., greater than six; 2) for the multibay con-
figuration, a rather large number of modes (or collocation points) may be required to give ac-
curate results when approximate numerical techniques are employed in the flutter analysis;
and 3) the infinite-bay limiting case is not of any great practical importance because of the
slow approach to this limiting case. Be that as it may, the restriction in the infinite-bay
case to motions that are spatially periodic over an a priori specified number of bays is an arti-
ficial one and gives an incomplete description of the physical system.

Nomenclature

A = constant of integration (difference equation), see
Eq.(Bl)

An = constant of integration, see Eq. (A5)
a = speed of sound in air
am — speed of sound in panel = (E/pm)1/2

B = damping coefficient, also constant of integration, see
Eq.(Bl)

Bn = constant of integration, see Eq. (A5)
B* = see Eq. (A7)
C/o = seeEq. (14)
Cnn = nondimensional wavespeed in nth bay
Cjn = constant of integration for nth bay equation of motion
D = plate stiffness = Eh*/12(l - */2)
E = modulus of elasticity
E* = see Eq. (A7)
F* = see Eq. (A7)
FN = eigenvalue equation of the JV-bay case
G* = see Eq. (A7)
G = see Eq. (A8)
QA — aerodynamic damping, = 0.351 (1 — i>2)1/2p/pma/

am(L/h)2 X M(M* - 2)/(M2 - I)3/2

gs = viscous structural damping, = 2f/w,-/«o
gr = total damping = gA -f- gs
H* = see Eq. (A7)
h = panel thickness
7* = see Eq. (A7)
L = distance between supports
M = Mach number
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an integer
total number of bays
bay number
see Eq. (8)
dynamic pressure
time
air velocity
panel deflection
see Eq. (5)
distance along chord measured from support to

support
mathematical eigenvalue = (o>/o>o)2 — i
periodicity parameter

see Eq. (A2)

critical damping ratio of jth mode
nondimensional dynamic pressure

2qL*/(M* - 1)1/2Z>
mass ratio = pL/pmh
Poisson's ratio
x/L
air density
panel density
a}0T, nondimensional time
frequency
fundamental natural frequency
natural frequency of jth mode

2qL*/MD or

Subscripts
n = bay number
m, r, 5 = dummy subscripts
/ = imaginary part
R — real part

Superscript

( ) = conjugate of complex quantity

1. Introduction

ONE of the most disheartening facets of the panel flutter
problem in the early investigations of this subject was

the poor agreement between theory and experiment (particu-
larly flight flutter tests). In the effort to explain this dis-
crepancy, several modifications to the basic theoretical model
(flat, rectangular, isotropic, unstressed panel in a high Mach
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b)

Fig. 1 Multibay configurations.

number flow) were considered. One of these was to con-
sider the effect of adjacent panels. Two configurations in
particular have received special attention.

The first configuration is an infinitely wide panel, simply
supported on its leading and trailing edges, with equally
spaced simple supports in the spanwise direction2 (see Fig.
la). It has been shown that this problem may be reduced
to a pseudo-aerodynamically two-dimensional panel prob-
lem using the "complete," linearized, in viscid aerodynamic
operator. For high Mach numbers, this conclusion may be
reached by very simple considerations (because of the weak
aerodynamic coupling between adjacent spanwise panels).

The second configuration that has been investigated (and
the one treated herein) is that of a two-dimensional (i.e.,
infinitely wide) panel of finite or infinite length with simple
supports equally spaced in the stream wise direction3"6 (see
Fig.lb).

An even more general configuration than either of the fore-
mentioned ones (and containing features of both) would be to
consider a panel on multiple supports in both the spanwise
and stream wise directions. Such a configuration has re-
cently been treated by Zeydel and Kobett7 for an infinite
number of bays in the spanwise direction and one or two
bays in the streamwise direction. (A "bay" refers to a panel
section between supports.) Their study is directed toward
the low supersonic Mach number range.

It is pertinent to point out that, at high Mach numbers, the
spanwise coupling between bays is much weaker than that in
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Fig. 2 X vs TV, flutter dynamic pressure vs number of bays.

the streamwise direction. Indeed, this is the justification
for the concentration on the effect of streamwise coupling
in the present report. It is to be noted, incidentally, that
under the assumption of quasi-steady, two-dimensional aero-
dynamics (high Mach number), the present analysis may
be readily extended to include the effects of multiple span-
wise supports.

The two-dimensional, infinitely long, multibay panel has
been treated in Refs. 3 and 5 under the assumption of spatial
periodicity over two bays (three supports). Within this re-
striction, the solutions obtained were "exact/7 i.e., no fur-
ther mathematical approximations were made. In Ref. 3,
the "complete," linearized, in viscid aerodynamic theory was
used, whereas in Ref. 5, the "static" approximation was em-
ployed. A criticism of the analysis of Ref. 3 was made by
Miles,4 primarily with regard to the appropriateness of the
assumption of spatial periodicity over two bays which moti-
vated the work discussed in Ref. 5. In the present work, the
restriction to two bay periodicity is removed; the results of
the analysis and subsequent numerical work validate in a
general way the objections of Miles. Fortunately, as shall
be seen, the theoretical model (two-dimensional infinitely
long, multibay panel) is of no great practical importance,
although it is, perhaps, of some theoretical interest.

The two-dimensional, finite length, multibay panel was
investigated by Rodden6 for the two-bay case (three sup-
ports) in his thesis; later, according to Fung,8 he also studied
the four-bay case (five supports). For the two-bay case
(and, presumably, for the four-bay case as well), Rodden
employed a structural and aerodynamic influence coefficient
(finite difference) approach. The "complete" aerodynamic
operator was used. The well-known results8 for the one-
bay case as well as Rodden's results for the two- and four-bay
cases, and those of Ref. 5 for the infinite-bay case, are shown
in Fig. 2 in the form of a nondimensional flutter dynamic
pressure for, essentially, zero aerodynamic and zero struc-
tural damping. (This figure is merely a replotting of Fig.
9 of Ref. 8.) As may be seen, the two-bay and four-bay
results show a significant decrease in flutter dynamic pres-
sure over the one-bay result, with the four-bay result even
falling much below the infinite-bay result. In view of the
apparent sensitivity of the flutter boundary to bay number
and because the analyses and numerical procedures by which
the individual results were derived differ somewhat, it was
thought desirable to resolve the finite- and infinite-bay cases
using the "exact" solution method employed by Hedgepeth,9
Houbolt,10 and Movchan11 for the one-bay case. Quasi-
steady aerodynamic theory is used, and thus the results are
only valid for high M. A general formulation is made for
a two-dimensional finite length panel with an arbitrary num-
ber of bays and also the infinite length panel with arbitrary
spatial periodicity. Specific numerical results are presented
for the one-, two-, three-, four-, five-, and six-bay cases as well
as the infinite-bay case.

After the present work began, Ref. 12 became available to
the author, wherein the two-bay case is treated by an analo-
gous approach. The present results and those of Mahortikh12

are identical where comparable.

2. Natural Frequency Spectrum

A brief review of the frequency spectrum of multibay panels
will be helpful in understanding the ensuing discussion.
The reader is referred to the literature13- 14 for additional
detail.

In Fig. 3, the (nondimensional) frequency for several multi-
bay panels is plotted along a horizontal axis. For N = 1,
one has the well-known results for a single-bay panel simply
supported at either end. The corresponding mode shapes are
sine functions. For N ->• <», i.e., an infinite number of
bays, the frequency spectrum has a filter-like property with
continuous bands of frequencies in the intervals, in2- < o>/co0 <



OCTOBER 1964 FLUTTER OF MULTIBAY PANELS AT SUPERSONIC SPEEDS 1807

(m -f |)2
; where m takes on all integer values. For a>/co0 =

ra2, the modes are simple sine functions, whereas for to/coo =
(m -\r i)2 they are the modes of a single-bay panel clamped
at either end.

It is found, for panels with a finite number of bays, that
1) all frequencies lie in the intervals, m2 < co/coo < (m + i)2,
2) the number of frequencies in any one interval is equal to
the number of bays, and 3) a frequency that is present for the
Af-bay case is also present for the NR-b&y case, where N and
R are (any) integer numbers. Additional numerical values
for N = 1, . . . , 6 are shown in Fig. 3.

N = l
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3. Flutter of a Panel of Finite Length
on Equally Spaced Simple Supports

3.1 Formulation

In the following, it will be assumed that the elastic be-
havior of the plate is adequately described by the classical,
small deflection theory and the aerodynamic loading by
quasi-steady or the so-called "piston" theory. (The inter-
ested reader is referred to Ref. 15 for a discussion of the condi-
tions under which the preceding assumptions are sufficiently
accurate.) Thus the equations of motion are

(2q/M) [(dWn
= 0(l/U)(l>Wn/W)] + (B

n = ! , . . . ,# (1)

The expression for the aerodynamic pressure is that of "pis-
ton" theory. This may be generalized to

+ [(M2 - 2)/(M2 - 1)] X2q/(M* - I)1'2

which is the first-order, two-dimensional theory. The use
of the latter entails a redefinition of some nondimensional
parameters to be introduced subsequently, but changes the
analysis in no essential way.

The last term of Eq. (1) includes the effect of "viscous"
structural damping. This form has been previously used,
for example, by Calligeros and Dugundji.16 As has been
shown in Ref. 16, B may be interpreted as 2u£jpmh where
co/ and f .,-• are the natural frequency and critical damping
ratio, respectively, of the jth mode. It is seen that the as-
sumption of B constant is equivalent to requiring that the
critical damping ratio of any mode be inversely proportional
to the natural frequency, i.e., f/ = (const) /co,-. It should
be mentioned that the use of other representations of struc-
tural damping17 (e.g., 1 + ig) may give different results.

For a finite panel, the boundary conditions are as follows :
at the first support

at the last support

WN(L) = &

at any intermediate support

Wn(L) = 0

TPn+i(0) = 0

= 0

= 0

(2a)

(2b)

n = 1, , N - 1

(2c)

An exact solution to Eq. (1) subject to the boundary condi-
tions of Eq. (2) is made by the method employed by Hedge-
peth,9 Houbolt,10 and Movchan,11 for the one-bay case. The
solution is derived in detail in Appendix A.

Fig. 3 Natural frequency spectrum.

In the present section, an outline of the solution technique
is presented. Equations (1) and (2) are nondimensionalized
in the following fashion:

Wn \Wn' - 7T4ZWn = 0 (3)

where

(4)
X = 2qL*/MD

Z = (co/coo)2 — i

and co0 is the fundamental panel frequency = 7r2(Z)/pmAL4)1/2

gA

QT = gA + gs

= 0.351(1 -

gs = B/(jo0pmh = 2^-coy/coo

(X and QA are here defined using the "piston" theory aero-
dynamic pressure formula. For their definition using the
quasi-steady theory, see the Nomenclature.) The ( )' de-
notes differentiation with respect to £ = x/L, and the time-
dependence has been assumed to be of the form

Wn = (5)

The aerodynamic damping gA) introduced by Houbolt,9
may be considered as an alternative to the commonly used
mass ratio parameter /*. Their correspondence is given
through the relation

gA = (6)
where

fj, = pL/pmh
When the effect of structural damping gs is to be includedf
gA is perhaps a more convenient parameter than /x. Typical
values of gA are given in Ref. 16. For example, for an
aluminum panel at sea level, L/h = 102, gA = 0.1.

Equation (3) has been solved in the classical manner by
assuming a solution of the form

Wn = (7)

where the PJ are the roots of the polynomial

p4 + \p - ir*Z = 0 (8)

Satisfaction of the boundary conditions [Eq. (2)] gives 4N
homogenous, linear algebraic equations in the unknowns
Cjn- Setting the determinant of coefficients equal to zero
in the usual manner gives the characteristic equation for the
eigenvalues. The functional relation may be expressed as

FN(Z-}\) = 0 (9)
The quantity of physical interest is, of course, co/co0. It

may be computed from Eq. (4) as
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Fig. 4 X vs ZR, dynamic pressure vs eigenvalue (real part).

Unstable solutions will occur if the imaginary part of the
radical has an absolute value greater than grr/2. The imagi-
nary and real parts of the radical can be evaluated as

IM = ±i1/

Re = Z2/2In

I 1/2

(ID
Unstable solutions will appear if gT/2 < \Im\. By routine
algebraic manipulation, this inequality reduces simply to

gT <
At the flutter boundary, gT =
by direct substitution that Im
shown that, for this value of gT,

/ZRv* (12)
\ZI\/ZR

112^ it can be shown
= ±gT/2. Also, it can be

= ZRv* (13)
Thus, Eq. (13) gives the flutter frequency (nondimensional)
in terms of the mathematical eigenvalue, and the inequality,
Eq. (12), gives the flutter boundary itself, in the X, gT plane.
The preceding is essentially the stability parabola concept of
Houbolt10 and Movchan.11

Explicit analytical and numerical results have been ob-
tained for N = 1, . . . , 6.

3.2 Some Analytical Results

Before passing on to the numerical results, it is of interest
to discuss two of the pertinent analytical properties of the
solution. Both of these properties were originally discovered
by direct calculation.

1) The complex conjugate of any eigenvalue is also an
eigenvalue and its eigenfunction is the complex conjugate of
that of the original eigenvalue. This property of the solutions
has been proven for the one bay case by Movchan11 and
Krumhaar.18 The present writer1 has made the simple ex-
tension to the multibay case by an alternate method.

2) Any solution (eigenvalue) of the Af-bay case is also a
solution of the NR-bay case where N and R are any integers.

Fig. 6 X vs ZR, dynamic pressure vs eigenvalue (real part).

A brief heuristic argument is given here rather than a
formal proof. Under the present physical assumptions,
("piston" theory aerodynamics and small deflection plate
theory) the effect of one bay on another is felt only through
the connecting support. The equation of motion of each
bay is independent of any other (i.e., the system of differen-
tial equations is coupled only through the boundary condi-
tions). Thus, a solution to the A^-bay case will satisfy the
equation of motion of any other bay case. However, in
general, the boundary conditions will not be compatible.
Nevertheless, for the special situation of the NRth-b&y case,
a solution may be constructed from the (presumably) known
solution for the Af-bay case as follows.

An N-bay solution is postulated for each of the first,
second, . . . and Rih groups of N bays. Each of these satisfies
the proper differential equation and the boundary conditions
at the intermediate supports and the condition of zero deflec-
tion and moment at the first and last bay of each group of N
bays. They will, however, be determined only within an
arbitrary constant and, therefore, there remain R such unde-
termined constants. R-l of these are calculated in terms
of the Rih by satisfying the remaining condition of continuous
slope between the groups of N bays. A formal mathematical
proof is given in Ref. 1. This may be considered a generaliz-
ation of the analogous result for the natural vibrations of
multibay panels (see Sec. 2).

3.3 Numerical Results

A. Eigenvalues

The numerical results for each case will be discussed in
turn with a summary discussion to follow.

One-bay case: The well-known results for this case are
repeated for the sake of completeness and as an easy method
of introducing the nomenclature for the subsequent discussion.
The numerical results are presented in the form of plots of
X vs ZR and X vs \Zr\/ZR

1/2, i.e., gT. From Figs. 4 and 5
one sees that for X = 0 the eigenvalues are purely real and
remain so until some higher value of X, called XcoaieScence,
where the first two eigenvalues (ordered according to the
magnitude of Z at X = 0) become equal and then form a
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Fig. 5 X vs gT, flutter dynamic pressure vs total damping.
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Fig. 8 X vs Zfa dynamic pressure vs eigenvalue (real part).

complex conjugate pair. (A dashed line is used for the real
part of a complex Z.) For the one-bay case, XcoaieScence =
343. For gT = 0, Xfiutter = Xcoaiescence; however, in general
gT > 0, and thus Xflutter > Xcoaiescence. Values of gT for practi-
cal panels are of the order of unity although there may be a
considerable variation for flight in the atmosphere. One
sees that, for small values of gT, the approximation Xfiutter ~
Xcoaiescence is fairly good. Higher eigenvalues behave in a
similar manner although Xcoaiescence for these eigenvalues
are much larger (for two-dimensional panels). For example,
Xcoaiescence for eigenvalues three and four is approximately
2730.

The stable and unstable regions may be identified by apply-
ing the inequality, Eq. (12). For the one-bay case, the re-
gions have been appropriately labelecl (see Fig. .6). Such
labels have been omitted for N ^ 2 for the sake of clarity.

Two-bay case: The "one-bay" eigenvalues are solutions
to the two-bay case as per the discussion of Sec. 3.2. In
Figs. 6 and 7, results are presented only for the remaining
two-bay eigenvalues for the sake of clarity. Again, the
eigenvalues coalesce in pairs, the first one occurring at
Xcoaiescence = 485 with the higher modes coalescing at con-
siderably larger X. As may be seen, the "one-bay" eigen-
values remain the most flutter critical for the two-bay case
and thus the flutter boundaries of the one- and two-bay
cases, within the present physical approximations, are
identical.

Three-bay case: Beginning with the three-bay case, the
solutions exhibit some of the behavior unique to the multi-
bay cases. Coalescence now occurs also between roots of a
single group; although in some instances these roots subse-
quently re-emerge as distinct (real) quantities, only later
to coalesce with roots of another group.

The "one-bay" eigenvalues are present for this case also.
As may be seen from Fig. 8, the two remaining roots of the
first group coalesce (and become complex conjugates) at
X = 299. At X = 420, these two roots return to the purely
real domain, with one of them shortly thereafter coalescing
with the lower root of the second group at X = 423. The
remaining eigenvalue of the first group finally coalesces with
the remaining eigenvalue of the second group at X = 545.
The return of the eigenvalues to the real domain results in a
somewhat different flutter boundary from that observed

Fig. 10 X vs Zr, dynamic pressure vs eigenvalue (real part).

previously (see Fig. 9). This "looping-back" portion of the
boundary has been termed a "weak coalescence'719 since a
small amount of damping QT will eliminate it. For moderate
values of gT, gT = 1, the "one-bay" flutter boundary still re-
mains the most critical (compare Fig. 5).

Four-bay case: The "one-" and "two-bay" solutions are
also solutions to the four-bay case. Referring to Figs. 10
and 11, one again sees a coalescence of the two remaining
roots of the first group, here at X = 305. At X = 400, the
real part of this complex conjugate pair crosses the (purely
real) second root of the second group; however, in this case,
no return to the real domain is made. After the crossing is
made, a more rapid increase of the imaginary part of the
complex conjugate pair with X is evidenced. Hence, al-
though the coalescence is initially "weak," it later becomes
"strong." Also, now the second root of the second group
changes direction for X > 400 and begins to approach the
fourth root of that group, with coalescence taking place at
X = 580. For small gT, the flutter boundary of Fig. 11 is
the most critical, whereas for moderate gT, the "one-bay"
result is still the most critical.

Five-bay case: The "one-bay" solutions are also solutions
for the five-bay case. The remaining roots are shown in
Fig. 12 with the flutter boundary given in Fig. 13. The
third and fourth roots of the first group coalesce at X = 295,
the second and fifth at X = 310. At X = 432, the third
and fourth become real again, the third then couples with the
third root of the second group at X = 447 and the fourth
couples with the fourth root of the second group at X = 520.
The real part of the complex conjugate pair formed by the
second and fifth roots of the first group crosses the second
root of the second group at X = 390, after which there is the
characteristic rapid increase of the imaginary part with
increasing X. The second root of the second group reverses
its direction shortly thereafter and eventually coalesces with
the fifth root of the second group at X = 600.

The flutter boundary of Fig. 13 shows that, as for the four-
bay case, the critical flutter mode is that given in Fig. 18 for
small gT) whereas for moderate QT values the critical mode
remains that of the "one-bay" case.

Six-bay case: The "one-," "two-," and "three-bay" solu-
tions are also solutions to the six-bay case. The remaining
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Fig. 9 X vs gTr> flutter dynamic pressure vs total damping.
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700

Fig. 12 X vs Zfl, dynamic pressure vs eigenvalue (real
part).

roots are shown in Fig. 14 with the flutter boundary given
in Fig. 15. As may be seen, the results are very similar to
those discussed for the four-bay case. The two remaining
two roots of the first group coalesce at X = 310, their real
part crosses the second root of the second group at X = 375
after which the imaginary part undergoes a more rapid in-
crease with X and, finally, the second root of the second group
changes direction and coalesces with the sixth root of the
second group at X = 605.

The flutter boundary is qualitatively similar to that of
Fig. 11, with the value of QT for which rapid increases of QT
with X occurs, being somewhat larger, and the value of X
somewhat smaller. For moderate gT values, the critical
mode remains the ' 'one-bay'' case.

B. Eigenfunctions

A few selective calculations have been made for panel
mode shapes.1 For the sake of brevity, they are omitted
here. The results for the multibay panel mode shapes show
that the amplitude increases from bay to bay with the maxi-
mum amplitude occuring near the trailing edge of the last
bay.

C. Modal solution

Also, as a matter of interest, a solution employing a modal
approach has been made. The panel deflection is expanded
in a sine series over the total panel length. The equations of
motion are derived via Lagrange's equations and the internal
boundary conditions are enforced through the use of Lagrange
multipliers. The details of the calculation are given in Ref. 1.

Numerical results have been obtained for the two-bay case
using two to eight modes. A comparison between the solu-
tions obtained using various mode combinations shows
that the eight-mode solution is well converged as far as the
flutter mode is concerned.1 This should be compared with
the four modes required for the one-bay case.8 For the two-
bay case, a four-mode solution is qualitatively incorrect.

Fig. 14 X vs ZR, dynamic pressure vs eigenvalue (real part)

In Figs. 16 and 17, a comparison is made between the
eight-mode solution and the "exact" result. As may be
seen, the agreement is good excepting the apparent inter-
changing of roles of the first two modes. That this switch-
ing of roles is only apparent is confirmed by calculations of
the pertinent mode shapes.1 The variation in the detailed
behavior of the eigenvalues is evidently due to the modal
approximation.

It is pertinent to point out that, although the agreement
between the model solution and the exact solution is good,
strictly speaking, the modal solution has evidently converged
to an incorrect answer in the neighborhood of Xcoaiescenoe-
That is, although the difference between Xcoaiescence as deter-
mined by the two methods ("exact" and modal) is only of the
order of 5%, still the difference between XcoaieScence as deter-
mined by two successive modal combinations (seven and
eight) is much less.

A twelve-mode solution for the three-bay case was also
computed. These results (not shown) are qualitatively
incorrect compared to the "exact" solution. Therefore, if
one may deduce a trend from the foregoing, it would appear
that an increasingly larger number of modes is required to
give accurate results as N increases (at least for the modes
employed here). This is probably a result of the denser fre-
quency spectrum of the multibay panels.

D. Summary

By way of a summary presentation, X fiutter vs the number of
bays has been plotted in Fig. 18 for gT = 0. As may be
seen, only a modest reduction in flutter dynamic pressure
occurs as a function of bay number. The change would be
even less for QT > 0. For any substantial amount of damping,
gT > 0.4, the most critical instability is still the "one-bay"
result for Ar < 6. These results, of course, differ consider-
ably from those presented in Fig. 3. The reason for this
discrepancy is apparently the large number of degrees of
freedom required for convergence of an approximate modal
or finite difference analysis. (More recent calculations by
W. P. Rodden19 have shown the difficulty lies elsewhere.
The results of these calculations will be published shortly
including a comparison with the present results.)
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Fig. 16 X vs ZR, comparison of "exact" and modal solu-
tions.

500

400

300

200

100

0

TWO BAY CASE

—— "EXACT"
—— EIGHT MODES

2.0 2.5

Fig. 17 X vs gT<> comparison of "exact" and modal solu-
tions.

4. Flutter of a Panel of Infinite
Length on Equally Spaced Simple Supports

The results of the multibay finite panel analyses may be
interpreted as describing the behavior of a panel pinned at
both ends to which additional bays are added at each end.
Thus, in the limiting case of a panel on many supports, the
total length of the panel becomes infinite.

Another limiting case of possible interest is that in which
many bays are added to only one end, i.e., a semi-infinite
panel. A brief discussion of this limiting case is contained
in Appendix E of Ref. 1. It may be shown that the non-
trivial solutions for the eigenvalues of the semi-infinite bay
case (though not the eigenfunctions) are identical to those
of the infinite-bay case.

4.1 Formulation

The formulation for the infinite-bay panel is, of course,
quite similar to that for the finite-bay panel. Indeed, through
Eq. (8) they are identical with the exception that the bound-
ary conditions at the first and last support are no longer
meaningful. Solutions of the form of Eq. (7) are substi-
tuted into the conditions to be satisfied at any intermediate
support [Eq. (2c)]. However, instead of the boundary
conditions at the "first" and "last" supports, one now has
the conditions that the panel deflection remain bounded
(finite) as n —> + °o and n —>• — °°. These conditions can
be satisfied mathematically by requiring that the constants
Cjn of Eq. (7) be related to each other through the expressions

C* = e^Cjo j = 1, . . . , 4 (14)
where a is an unspecified (real) constant, and CJQ is associated
with the Oth or reference bay. Specification of a panel de-
flection shape of this form is essentially a requirement that
the panel motion be spatially periodic.

It is of some interest to digress briefly to consider the
physical meaning of a in Eq. (14). It is, of course, related
to the number of bays over which periodicity exists. Before
describing this relationship, however, two properties of the
eigenvalues Z for fixed values of X should be noted, namely,

Z(X, a) = Z(X, a -

Z(\,a) = -a)

(15)

(16)
The first of these equations is readily deduced from the
periodic character of a in Eq. (14); the second, involving the
complex conjugate Z, can be deduced from the governing
differential equations and boundary conditions.1 Thus, be-
cause of these two properties, only the limited range, 0 <
a < TT, need be investigated.

There are two pertinent questions to be asked. The first
is, for a given a, what is the number of bays, n*, over which
periodicity exists? This relation is given by

= 2irR/a (17)

integer values. For example, for a = f TT, n* = 12, 24',
3 6 , . . . . The minimum value of n*} in this case n* = 12, will
usually be of greatest interest.

The second question one may ask is the converse of the first,
namely, what values of a give solutions which are periodic
over a specified number of bays, n*? This relation is given by

a = 2>jrR/n* (18)
where R now may take on all integer values from 1 to n*.
(Values of R greater than n* give values of a greater than
2ir and thus, from Eq. (15), merely repeat solutions already
obtained.) For example, for n* = 6, the appropriate a's
would be

a = 7T/3, 2/37T, 7T, 4/37T, 5/37T, 27T

or equivalently, making use of Eq. (15),

a = 7T/3, 2/37T, TT, -2/37T, -Tr/3, 0

In Refs. 3 and 5, the restriction was made that the motion
be periodic over two bays, i.e., a = IT and a = 0. (The
details of the formulations of Ref. 3 and 5 differ somewhat
from the present one.)

Returning now to the problem formulation, one substitutes
Eq. (14) into Eqs. (7) and (2c) which leads to four linear,
homogeneous, algebraic equations in the CJQ. Setting the
determinant of coefficients equal to zero results in a char-
acteristic equation for the eigenvalues which takes the form

X, a) = 0 (19)

An explicit form for this equation, convenient for computa-
tion, is derived in Appendix B.

4.2 An Analytical Result

Recalling the two analytical properties discussed in Sec.
3.2 for the finite multibay panel, the second, regarding the
presence of the TV-bay solutions in the TVKth-bay case, is
irrelevant for the infinite-bay panel. However, the first,
regarding the occurance of eigenvalues as complex conjugates,

400

300

x 200

100

i————i————i
PRESENT ANALYSIS 9T=

where R is any positive integer that permits n* to take on

1 2 3 4 5 6
NUMBER OF BAYS

Fig. 18 A vs TV, flutter dynamic pressure vs number of
bays.
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Fig. 19 X vs ZR, dynamic pressure vs eigenvalue (real
part).

is of some interest, and a derivation or demonstration of this
property is presented in Ref. 1.

As will be seen subsequently, the "one-," "two-," "three-,"
"four-," etc., bay results are not present in the infinite-bay
result. The question arises, why not? Instead of giving a
completely rigorous answer, the following plausible explana-
tion is offered.

We have restricted ourselves to panel motions that are
bounded at infinity and thus are periodic over some number
of bays. All such solutions are contained in the present in-
finite-bay formulation and thus the absence of the "one-,"
"two-," "three-," "four-," etc., bay results implies they are
not bounded at infinity or periodic. This may be verified
directly for the "one-" and "two-" bay results from an ex-
amination of the mode shapes at X = Xcoaiescence-1 As the
bay number increases, the panel amplitude increases from
bay to bay without limit. Presumably this is true of the
other finite bay solutions as well.

The question remains, in what manner do the finite-bay
results approach those of the infinite bay? It is conjectured
that the "new solutions" of the finite-bay cases (the "new"
solutions" being here defined as those which do not occur
for a smaller number of bays) show less and less amplitude
increase from bay to bay as the total number of bays in-
creases. Thus, in the limit, there would be no amplitude
variation at all, and the motion would be spatially periodic.

The preceding discussion is intended to be suggestive
rather than conclusive. The manner in which the finite-bay
case approaches the infinite-bay case remains an open
question.

4.3 Numerical Results

Several values of a in the interval 0 < a < TT have been
selected and the corresponding eigenvalues determined for

various X. (The solutions for TT < a < 2ir may be obtained
from these per the discussion of the previous section.) The
results are presented graphically in Figs. 19 and 20.

For a = 0, TT, and no damping, gT = 0, the present results
are in agreement with those of Ref. 5. In the cited reference,
an argument was made to the effect that for QT = 0, the only
possible solutions to the problem are periodic over two bays
for X ̂  0. This actually is the case only under the further
restriction that one seeks purely real eigenvalues. The
consideration of complex eigenvalues demonstrates that
infinitely many other solutions exist, and in fact, for QT -*• 0,
the flutter dynamic pressure Xfiutter -*• 0. For finite values-
of damping, the flutter dynamic pressure Xfiutter > 0.

For the a = TT solution, the panel is stable for X's up to at
least 300. For the a = 0 solution, there is a coalescence of
the usual type at X = 154 of the "last" root of the first group
with the "first" root of the second group, f For the 0 < a < IT
solutions, "coalescence" occurs at X = 0, thus giving un-
stable motion for X > 0 when gT = 0 (see Figs. 19 and 20).

It should, perhaps, be emphasized that each of the curves
of Fig. 20 divide the X, gT plane into stable and unstable re-
gions for a particular mode (particular a). The "practical"
flutter boundary is given by the envelope of these curves
which gives the smallest X for a specified gT. The flutter
mode, characterized by the a that gives the smallest X, is
dependent on damping gT (see Fig. 20). For gT > 2.5, the
flutter mode becomes that associated with a. = 0; howeverf
for smaller values of gT, the flutter mode is associated with
0 < a. < 0.57T.

Amplification ratios for X > Xfiutter have been computed
for the one-bay and infinite-bay cases in order to compare the
relative severity of the instabilities. The results1 show
that they are of the same order of magnitude.

5. Conclusions and Recommendations

The major conclusions to be drawn from the present study
of multi bay panels are :

1) Bay number is not a sensitive parameter in the deter-
mination of the flutter boundary unless a rather large num-
ber of bays is in question, i.e., A^ > 6.

2) For the multibay configuration, a large number of modes
(or collocation points) may be required to give accurate re-
sults when approximate numerical techniques are employed
in the flutter analysis. This type of behavior would appear
to occur for a significant number of panel structures and re-
emphasizes the importance of performing a convergence
study when modal or finite difference techniques are employed.

3) The infinite-bay case (or semi-infinite-bay case), al-
though a valid physical and mathematical limiting case for
the panel consisting of very many bays, is not of any great
practical importance because of the slow approach to this
limiting case. Be that as it may, the restriction in the in-
finite-bay case to motions that are spatially periodic over
an a priori specified number of bays is an artificial one and
gives an incomplete description of the physical system.

Extensions to the present analysis and calculations could
be made to include the effects of 1) finite width (a multibay
spanwise configuration may be reduced to a single-bay
span wise configuration); 2) uniform in-plane stresses;
3) nonuniformities from bay to bay, such as lengths, stiff-
nesses, etc.; and 4) different panel support conditions. The
last of these would appear to be the most important and most
interesting. In particular, it would be possible, using the
present technique, to analyze more rigorously the dynamic
behavior of panels with supports of finite stiffness in transla-
tion and rotation.

Fig. 20 X vs gTi flutter dynamic pressure vs total damping.

f Both the a. = TT and a = 0 results were obtained in Ref. 5;
however, here all values of a (and thus bay periodicities ^2) are
considered as well as g? ^ 0.
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Appendix A: Finite Panel Eigenvalue
Equations

First we consider the polynominal
p4 + \p - w4Z = 0 (Al)

Following Hedgepeth8 and Houbolt,9 we write the roots of
Eq. (Al) in the form

pl = ~ 7 + e pz = — y — c
(A2)

PS = y + id pi = y — id
From Eqs. (A2) and (Al), the following relations may be
determined

d = (X/47 + 72)1/2

c = (X/47 - 72)1/2 (A3)

This form proves convenient for computation, as 7, X may
be chosen and 8, e, and Z computed directly, thus avoiding
an explicit factoring of Eq. (Al). Alternatively, one may
manipulate Eq. (A3) to give a cubic in 72 with Z and X as
parameters, viz.,

6476 + 16727r4Z - X2 = 0 (A4)
This cubic is readily handled by machine computation. A
proper choice of root must be made of course (7 — >• 0 as

A deflection shape of the form

Wn = Anle^-to sin6 sinhe£ - e~^~^ sinhe
Bn[e-v* sin5 sinhe(l - £) - e^ sinhe sin5(l - (A5)

is assumed. This form satisfies the differential equations
[Eq. (3)] and the boundary conditions specifying zero de-
flection at each support. This has been used previously by
Hedgepeth9 and may be deduced from the more general form
of Eq. (7). The satisfaction of the remaining boundary
conditions gives the following set of equations :

B*A! - E*Bi = 0 [from Eq. (2a)]

I* An + H*Bn - G*An+1 - J*Bn+i = 0
F*An-

where

B*

D*Bn + j
n = 1,

^*A* +

fl - E*Bn+i = 0
AT - 1 [fromEq. (2c)]

[fromEq. (2b)]

sinhe]

(A6)

E* = 27 [e sin6 coshe + d sinhe cosS] +
[e2 + 52] sin5 sinhe

7* = — 27 sinhe sin5 + e sin5 coshe —
d sinhe sin5

= — ee~T sin5 rf 8ey sinhe

sin5 — 6e~T sinheG* =

J* = —27 sin5 sinhe — e sinS coshe .+
d sinhe cos6

F* = -2y[e sin5 coshe + d sinhe cos5] +
[e2 + d2] sin5 sinhe

Z>* = sinhe]

(A7)

Following Miles,12 one might consider Eq. (A6) as two
first-order difference equations for the An and Bn with asso-
ciated boundary conditions; however, for the present pur-
poses, it proves expedient to treat the An and Bn as con-
stants of integration and form the characteristic equation by
setting their determinant of coefficients equal to zero. For

the interested reader, a discussion of the difference-differen-
tial equation approach is included in Appendix E of Ref. 1.
Here, however, a direct expansion of the characteristic de-
terminant will be used. Such an expansion of the deter-
minant shows that a convenient recurrence formula may be
written which relates the characteristic equation of the TV-bay
case to that of a smaller number of bays. Defining FN as
the characteristic determinant of the A^-bay case, we have

FN =

= ^FN—Z 4~ K.GN—I
(A8)

with the "initial" conditions

i = B*D* + E*F*
where

t = B*H* + E*I*
$ = G*H* - /*/*
K = £*D* - F*J*

Further elimination of GN from Eq. (A8) leads to the recur-
rence relation

FN = (t+-K)FN_, + ($/?! - *K)FN-* (A9)

More explicit results are listed below for TV = 1, . . . , 6 :
. : . .••;i.'1"' .' . : •

Fi'='B*D*'-?-E*F*
Ft = FM + K]

F. = K) X
+ +

In examining the FN, it will be noted that the one-bay re-
sult is a factor in all of the other results, the two-bay result
is a factor for A^ = 4 and 6, and the three-bay result is a factor
in the six-bay case; this, of course, is in agreement with' the
more general result discussed in Sec. 3.2.

Finally, the computation procedure to determine the eigen-
values Z of FN is as follows:

For fixed X, Z is chosen and 7, e, and 5 are computed.
(Alternatively 7 is chosen and Z, e, and d are computed.)
Intermediary calculations are performed to determine B*,
etc., and \f/} etc. Finally, FN is computed. In general, F N
will not be zero, and another value of Z (or 7) must be
chosen and FN recomputed until a zero of FN is determined
with acceptable accuracy. In the present calculations, this
was three or four significant figures for the complex roots and
two or three for the real roots.

It is to be noted that Z, and thus FN) will in general be
complex numbers; an iteration scheme based on the method
used in Ref. 20 was employed to determine the (complex)
zeros of FN- The eigenf unctions have been computed in
the usual manner.

Appendix B: Infinite Panel Eigenvalue
Equation

For the infinitely long panel, the first and last of Eq. (A6)
are disregarded, and in the remaining two equations of Eq.
(A6) we set

An = Aeian

(Bl)
Bn = Beian

% The author is grateful to Margot O'Brien who determined
this factored form.
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in order to satisfy the boundary conditions at infinity, where
a is a real number. Substitution of Eq. (Bl) into these two
remaining equations gives

[/* - e*"G*]A + [H* - eiaJ*]B = 0

[F* + eiaB*]A + [D* - eiaE*]B = 0
(B2)

Again the characteristic equation is obtained by setting the
determinant of coefficients equal to zero. This equation
may be written as a quadratic in eia

t viz.,

Fm = e
i2a[E*G* + #*J*] +

eia[-I*E* - G*D* - H*B* + J*F*] +
[/*#* _ F*H*\ = 0 (B3)

This was the computational form used in the present work.
Again, eigenfunctions may be computed for a specified a and
A using standard methods.
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